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Abstract 

Using a new method [6] it is possible to derive mean field equations 
from the microscopic N body Schrodinger evolution of interacting parti- 
cles without using BBGKY hierarchies. 

In this paper we wish to analyze scalings which lead to the Gross- 
Pitaevskii equation which is usually derived assuming positivity of the 
interaction [TJ [2J. The new method for dealing with mean field limits 
presented in [6] allows us to relax this condition. The price we have to 
pay for this relaxation is however that we have to restrict the scaling 
behavior to (3 < 1/3 and that we have to assume fast convergence of the 
reduced one particle marginal density matrix of the initial wave function 
l« to a pure state |</5o)(yo|- 

1 Introduction 

We are interested in solutions of the TV-particle Schrodinger equation 

i& N = H N ^ N (1) 
with symmetric we shall specify below and the Hamiltonian 

N N 

H N = -J2^J+ £ «&(si-a*) + £^te) (2) 

j = l l<j<k<N j=l 

acting on the Hilbert space L 2 (M. 3N — > C). j3 € M stands for the scaling behavior 
of the interaction. The we wish to analyze scale with the particle number in 
such a way that the interaction energy per particle is of order one. We choose 
an interaction which is given by 
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Assumption 1.1. 

vff{x) =N- 1+3,3 v(N p x) 
with compactly supported, spherically symmetric v G L°° . 

The trap potential A 1 does not depend on N . Hn conserves symmetry, i.e. 
any symmetric function 'J'^v evolves into a symmetric function ty l N . 

Assume that the initial wave functions ~ Iljli 9 s * ( x j) where ip° G L 2 
and that the Gross-Pitaevskii equation 

^^-(A + A' + al^l 2 )^ (3) 

with a = J v(x)d 3 x has a solution. We shall show that also ^f* N ~ T[j=i 
as N — ► oo. 

The focus of this paper is on interactions which need not be positive. The 
price we have to pay is that we have to assume comparably fast convergence of 
the reduced one particle marginal density matrix of the initial wave function 
to a pure state |y>o)vo|- Furthermore we have to restrict the scaling behavior of 
the interaction to j3 < 1/3. 

As it seems one needs these assumptions not only for technical reasons. 
Without them there might be regimes where clustering of the particle leads 
to a break down of the Gross-Pitaevskii description. It is clear that such a 
clustering can be avoided by assuming a high purity of the condensate (i.e. fast 
convergence of to Ivo^ol) an d moderate scaling behavior of the interaction. 



2 Counting the bad particles 

We wish to control the number of bad particles in the condensate (i.e. the 
particles not in the state </?*) using the method presented in [6]. Following |6] 
we need to define some projectors first which we will do next. We shall also give 
some general properties of these projectors before turning to the special case of 
deriving the Gross-Pitaevskii equation. 

Definition 2.1. Let ip G L 2 {M? -> C). 

(a) For any 1 < j < N the projectors pj : L 2 (R 3N -> C) -> L 2 (M. 3N -> C) 
and qf : L 2 (R 3N -> C) -> L 2 {R 3N -> C) are given by 

p$* N = ifixj) J ip*( Xj )^ N ( Xl , . . .,x N )d 3 x V G L 2 (R 3N - C) 
and qj = l—pj. 

We shall also use the bra-ket notation pj = \ip(xj))(ip(xj)\. 

(b) For any 0<k<j<Nwe define the set 

j 

A J k := {(ai,a 2 , . ..,%•) : a x G {0, 1} ; ^a t = k} 

i=i 
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and the orthogonal projector Pf k acting on L 2 (M. 3N — ► C) as 



a£A 3 k i=l 

and denote the special case j — N by P£ :— P£ k . For negative k and 

of 
3,k 



k > j we set Pfi, := 0. 



(c) For any function f : {0, 1, . . . , -/V} — > we define the operator f v : 



C) L 2 ( 



iV 



(4) 



3=0 

We shall also need the shifted operators f$ : L 2 (R 3N — > C) — » L 2 
C) given by 

N+d 

ft--=Y,K3 + d)Pf . 

3=d 

Notation. Throughout the paper hats ~ s/ia// solemnly be used in the sense 
of Definition \2.1\ (c). The label n shall always be used for the function n(k) = 

y/k/N. 

With Definition 12.11 we arrive directly at the following Lemma based on 
combinatorics of the pj and q^ : 



Lemma 2.2. (a) For any functions /, <?{0,1, N} 



have that 



fg = fg = df 



fpj =Pof 



fPj, k = Pj, k f 



(b) Let n : {0, 1, . . . , N} — > M.q be given by n(k) := y/k/N. Then the square 
of n v ( c.f. ) equals the relative particle number operator of particles 
not in the state ip, i.e. 



N 



(c) For any f : {0, 1, . . . , N} — > Mq and any symmetric £ L 2 ( 

2 



< 



1/^*11 2 

N 



N - 1 



/<" (n v ) 2 *|| 2 



(5) 
(6) 
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(d) For any function f : {0, 1, . . . , N} — ► Rj 7 any function v : R 6 — > K and 
an?/ j, fc = 0, 1,2 we /lave 

FQjv(x u x 2 )Q<£ = Qjv( Xl ,x 2 )fJ_ k Q% , 

where Q% := p[p%, Q\ := pfq$ and Q% := qfq%. 

Proof, (a) follows immediately from Definition 12.11 using that pj and are 
orthogonal projectors. 

For (b) note that \J$L A k = {0, 1} N , so 1 = J2k=o p t '■ Usin S also (ik) 2 = € 
and q^Pk =0we get 



N N N N N N 

k=l k=l j=0 j=0 k=l j=0 



N-'^t - ^E^E^^EE^^^E^f 



and (b) follows. 

Let ((•, •)) be the scalar product on L 2 (M. 3N — > C). For © we can write using 
symmetry of 



N 
k=l 

= (*,(n 2 q?n = (*,q?(n 2 q(n = ii(rx*n 2 ■ 

Similarly we have for ([6]) 

N 

= ^«*. (/ v ) 2 «*» + n- 1 ^, (n 2 qfn 

N - 1, 



-wrqfq^n+N-'wrqfn 



N 

and (c) follows. 

Using the definitions above we have for (d) 

N 



<p 

k 

1=0 
N 



1=0 

N+k-j 

E Q*v{x ll x 2 )f{l+ ] -k)P*_ 2l _ k Q 



i=k-j 

N+k-j 

E Qjv(x u x 2 )f(l + j-k)PfQt = Qjv(x u x 2 )f?_ k Q 
i=k-j 



□ 
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3 Derivation of the Gross-Pitaevskii equation 



As presented in [6] we wish to control the functional czn ■ (L 2 (R 3N — > C) x 
L 2 (E 3 — > C) — > Eq ) given by 

for some appropriate weight m : {0, . . . , N} — > E^J". 

As mentioned above we shall need comparably strong conditions on the "pu- 
rity" of the initial condensate to derive the Gross-Pitaevskii equation without 
positivity assumption on the interaction. This is encoded in the weights we 
shall choose below (see Definition 13- 1 [) . For these weights convergence of the 
respective a is stronger than /x* — » |</?)(y| in operator norm (see Lemma l3.3j) . 

Note that we shall allow rather general interactions (even negative interac- 
tions) and that the Theorem below is useless when the solution of the Gross- 
Pitaevskii equation does not behave nicely. There is a lot of literature on so- 
lutions of nonlinear Schrodinger equation (see for example [3]) showing that 
at least for positive a = J v(x)d 3 x our assumptions on the solutions of the 
Gross-Pitaevskii equation can be satisfied for many different setups. 



Definition 3.1. For any < A < 1 we define the function m : {1, . . . , N} — ► 

Eq~ given by 

mX{k) ;= | k/N\ fork < N\- 

We define for any N £ N the functional : L 2 (R 3N -> C)xL 2 (E 3 -> C) -> E+ 
by 

a x N (*N,v) := «*;v,m A '^» = ||(m A '*') 1 / 3 ^|| a • 
With these definitions we arrive at the main Theorem: 

Theorem 3.2. Let < A, < 1, let v^(x) satisfy assumvtion Let < 
T < oo, let A 1 be a time dependent potential. Assume that for any N G N 
there exists a solution of the Schrodinger equation and a L°° solution of the 
Gross-Pitaevskii equation (0) ip* with A|<y9*| 2 S L 2 for all < t < T . Then 

< efi c-llv'll-^ (* a N ,<p°) + ( c /o <0 «ll*'*ll»« J « - W'N-"* , 

where 5\ = | max{l — A — 4/3 , — 1 + A + 3/3}, C v is some constant depending 
on v only and 

:= C v (||A|^| 2 || + ||^|| 0O + l)|M|oo- 
The proof of the Theorem shall be given below. 
Remark. For j3 < 1/3 one can choose A such that 5\ is negative. 
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3.1 Convergence of the reduced density matrix 

In [5] Lemma 2.2 it is shown that convergence of ajy(^, (p) — > is equivalent 
to convergence of the reduced one particle marginal density to |y>)(y>| in trace 
norm for many different weights. The weights we use here are not covered by 
that Lemma. Since m A (fc) > k/N for all < k < N and all < A < 1 it follows 
that a^(^, p) > p>,n 2 *)) (recall that n(k) = y/k/N). It follows with Lemma 

2.2 in \t\ that for all < A < 1 

lim apf(^,(p) = =>• lim /x* — » |<^)(y| in operator norm. 

AT— >OC AT— ►OC 

Therefore our result implies convergence of the respective reduced one particle 
marginal density. To be able to formulate Theorem 13.21 under conditions of the 
reduced one particle marginal density we have the following Lemma 

Lemma 3.3. Let < A < 1, £ < and let - \ip)((p\\\ op = o(N^). Then 

Proof. Under the assumptions of the Lemma it follows that (ip, = o(N^). 

Writing 



M*™ = J y N (-,x 2 ,...,x N )y* N (-,x 2 ,...,x N )d 3N - 3 x 

= J pfty N (-,X 2 , X N )pfV* N (; X 2 , ■ ■ ■ , X N )d 3N - 3 X 

+ J q^ N (;X2,...,x N )p^* N {;x 2 ,...,x N )d 3N - 3 
+ J pfy N (;X2, . . • , x N )qfV* N (; x 2 ,..., x N )d 3N ~ 3 
+ / qf^ N (-,x 2 ,...,x N )qf^* N (-,x 2 ,...,x N )d 3N ~ 3 



and using qfip(xi) — it follows that \\pf ^n\\ 2 ~ 1 = o(N^). Using p\ + qf 
and Lemma 12.21 (c) 

\\qf* N f = ((y,n^)) = {y,J2 JfP?*^ = °(^) • 

Since m A (fc) < N 1 ~ x k/N for any < k < N it follows that 

// n 

A" 



fc=0 



□ 
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3.2 Proof of the Theorem 

In our estimates below we shall need from time to time the operator norm || • \ \ op 
defined for any linear operator / : L 2 {R 3N -> C) -> L 2 {R 3N -> C) by 

H/llop := sup ||/*|| . 

11*11=1 

In particular we shall need the following Proposition 
Proposition 3.4. (a) For any f £ L 2 (R 3 ->■ C) 

||/(a;i - x 2 )pf\\ p < IMUH/H ■ 
(b) For any g G £ X (M 3 -> C) 

\\pfg(xi - x 2 )pi Hop < IMlLlMli • 
Proof, (a): Let / G L 2 (R 3 -> C). Using the notation = |^(x 1 ))(^(o; 1 )| 

\\f(x 1 -x 2 )pff op = sup 11/(1! - x 2 )p^f 

ll*ll=i 

= sup ((*, |¥>(si)>(¥>(a:i)l/(si " ^) 2 |<^(a:i))(^(a;i)|*)) . 
Il*ll=i 

Using that 

sup ( l p(x 1 )\f(x 1 -x 2 ) 2 \ l p(x 1 )) < MllWfW 2 
x 2 eR 3 

and Cauchy Schwarz one gets 

!!/(.*! -* 2 K|lo P < ^ \\n 2 Mlo\\f\\ 2 ■ 
ii*ii=i 

(b): Let g G L^R 3 -» C). 

Ibiff^i - x 2 )pf\\o P < \\Pi\g{xi -x 2 )\Pi \\op 

= \\Pi V\9{xi - x 2 )W\g(xi - x 2 )\pf\\o P 
< \\V\9(xi-x 2 M\\l p . 

With (a) we get (b). 

□ 

We prove the Theorem using a Gr0nwall argument. Therefore we estimate 
^n^N' l fi t ) m terms of a^i^N, 90*). To get the estimates as stated in Theorem 
13.21 we need to show that 

|d^(^,^)l<an^ll 2 o ^(*V^ t )+^ t ^ 5 - (7) 

To shorten notation we use the following definitions: 
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Definition 3.5. Let 

h j>k := N(N - l)v t3 N {x 3 - x k ) - aN\ip\ 2 ( Xj ) - aN\<p\ 2 (x k ) . 
We define the functional 7^ : L 2 (R 3N -> C) -> M 6y 

7^(*,^) = 23 (((*, (mif - ™ A ' v )pig2/ii,2PiP2*») 
+3 (((*, qi q 2 h h2 (m^ - m£ v )p&2*}) 
+23 (((*, (m*f - fh x '^)qx(fyhx a pxq 2 ^}) . 

7^ was defined in such a way that for any solution of the Schrodinger equa- 
tion vpjy and any solution tp* of the Gross-Pitaevskii equation a^i^N, l p t ) = 
TjvO^iV V*) ( see Lemma below). It is left to show that 7^ r (<I'^ v , </?*) can be 
controlled by a^,(4 , ^ v , <p*) and N~ s (which is done in Lemma T3 . 71 below) to get 
(J7J and - via Gr0nwall - the Theorem. 

Lemma 3.6. For any solution of the Schrodinger equation ^S^, any solution 
of the Gross-Pitaevskii equation ip and any < A < 1 we have 

Proof. Let 

N 

H GP ■= Y. ~ Afc + A ( X ^ + "M^fc) 
k=l 

be the sum of Gross-Pitaevskii Hamiltonians in each particle. It follows that 

±p t ^ l [H^p t ] (8) 

for any function / : {0, . . . , N} — > M. For ease of notation we shall drop now 
the indices ip and A for the rest of the proof. With |[8j we get 

a N (^ N , <p*) = i&** N , mH¥ N )) - i(H^ N , fn¥*J + i((^ N , [H GP , fh}^ N )) 
= -i((& N ,[H - HgpM^n)) ■ 

Using symmetry of \&^ v and selfadjointness of hj t k it follows that 

l<j<k<N 

= Z hxtm^}) . (9) 
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Note that we can write for any m : {1, . . . , N} -> (remember that P N>k = 
whenever k < or k > AT) 



JV 



= ^m(fc)P fc 



fc=0 
2V-2 



^ (m(k)pip 2 PN-2M + rn(k)piq 2 P N -2,k-i 



k=0 

+m(k)qxp 2 P N -2,k-l +m(k)(l - piq 2 - qip 2 - PiP2)-P/V-2,fc-2) 

N 

= ^ ( m ( fc )PiP2-Pjv-2,fc + m(k)piq 2 PN -2,k-i 

k=0 

+m{k)q 1 p 2 P N - 2 ^ 1 + m(k)P N ^ 2 . k ^ 2 ) 

N 

- ^ m ( k + l)Pl92-PjV-2,fc-l - m(k + l)qiP 2 PN-2M-l 
k=0 

-m(k + 2)pip 2 P N -2,k) 
= (m — rh 2 )pip 2 + (m — fh\)p\q 2 + (m — fhi)qip 2 

N 

+ Y, m ( k ) P N-2,k-2 • (10) 
fc=0 

Using symmetry of and selfadjointness of /ii,2-P/v-2,fc-2 it follows that 

ajv(*^, 9?*) = 3 («*^, /ii, 2 ((m - m 2 )piP2 + 2(m - m 1 )p 1 g 2 ) • ( n ) 

Since 1 = pip 2 + Pi<?2 + giP2 + 9i92 

djv(*^v,^*) = 3 (((*,PiP2/ii,2(m - m 2 )pip 2 y>)}) 
+3 (((^,Piq 2 h li2 (fh - m 2 )pip 2 *))) 
+3 (((*, qip 2 h ia {fh - m 2 )PiP 2 *))) 
+3 (((*, qiq 2 h li2 (m ~ m 2 )pip 2 ^}) 
+23 «(*,pij32^i,2(m - mi)pig 2 *») 
+23? (((*, Pi 32^1,2 (m - mi)p 1 g 2 *») 
+23 (((*, qip 2 h lt2 {fh - mi)j?ig 2 *})) 
+23 (((*, qiq 2 h h2 (m - mi)pig 2 *))) • 

Using that 3(((*, A*))) = -3(((*, A**))) for any operator A and that * is sym- 
metric (note that piq 2 h\^ 2 q\p 2 is invariant under adjunction with simultaneous 
exchange of the variables x\ and x 2 ) and Lemma 12.21 (d) we get 

oln^h,^) = 2%{{y,p 1 q 2 h h2 (rn-m 2 )p 1 p 2 y))) 
-23 «(*,pig 2 (m - mi)fti )2 piP2*})) 
+3 (((*, qiq 2 h li2 (m - fh 2 )pip 2 ^}}) 
+23 (((*, q!q 2 h h2 (m - mi)p 1 g 2 *») • 
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Lemma 12.21 (d) applied to the first and fourth summand completes the proof. 

□ 

With Lemma 13.61 equation ([7]) follows once we can control the different sum- 
mands appearing in 7^- in a suitable way. So the following Lemma completes 
the proof of the Theorem. 

Lemma 3.7. Let v 1 ^ satisfy assumvtion \l.l[ Then there exists a C < 00 such 
that for any ip 6 L°° with A\tp\ 2 6 L 2 

(a) 

f¥, (ro*f - rh x ^) Pl q 2 h h2 p lP2 ^) < K v N 5x 

(b) 

i% qiq2h 1<2 (m x >* - m^) Pl p 2 *)) | < CMla^, <p) + K v N 5x 

(c) 

{% (m*f - m x ^) qi q 2 h^ 2 p iq2 n K V" 
mf/i <5a and K v as in Theorem 



Before we prove the Lemma a few words on (a) and (c) first: It is (a) which 
is physically the most important. Here the mean field cancels out most of the 
interaction. The central point in the mean field argument is observing that 
Piq 2 hi, 2 p 1P2 is small. 

For (c) the choice of the weights m A plays an important role. Note that we 
only have one projector p here and \\qiq 2 hi t2 piq2\\op can not be controlled by 
the L 1 -norm of v (see Proposition 13. 4|) . On the other hand we have altogether 
three projectors q in (c). Assuming that the condensate is very clean (which is 
encoded in m A ) these g's make (c) small. 

Proof. In the proof we shall drop the index A and ip for ease of notation. Con- 
stants appearing in estimates will generically be denoted by C. We shall not dis- 
tinguish constants appearing in a sequence of estimates, i.e. in X < CY < C Z 
the constants may differ. 

In bra-ket notation p\ = \ip(xi))(<p(xi)\. Writing * for the convolution we 
get for any / : R 6 -> K 

Pif(x! -x 2 )pi = \p{x 1 )){ip{xi)\f{x 1 - x 2 )\ip{xx))(ip{xi)\ =pi{f* \lp\ 2 )(x 2 ) , 

(12) 

in particular 

piS(xx - x 2 )p\ = pi\tp(x 2 )\ 2 . 
With piqi =0 it follows that 

Piq 2 hiapip 2 = Np^ 2 (^(N - l)v l ^(x 1 ~ x 2 ) ~ a\(p\ 2 (x 2 )j pip 2 

= Npiq 2 (^(N - l)v$f(xi - x 2 ) ~ a6(xi - x 2 )\ 



P1P2 
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Using this and triangle inequality the left hand side of (a) is bounded by 

N\((V, (m_i - m) Pl q 2 (Nv^(xi - x 2 ) - aS{ Xl - x 2 )) PiP2^}}\ 

+ N\{V, (m_i - m)pxq 2 v^(xi - x 2 )pip 2 ^))\ . (13) 
To control the first summand we define the function : M 3 R by 

A/# = 7V< - ac5 . 

Recall that v is compactly supported. Since N J v(x)d 3 x = a the integration 
constant of can be chosen such that also has compact support. Using 
the scaling behavior of it follows that there exits a function / : M 3 — > M with 

f N =N^f(N"x) and = W^H/IK . 

Now we can estimate the first summand in (fT"3|) using l|12[) 



2V|((#, (m_i - m) Pl q 2 Af r ^(x 1 - x 2 )p 1 p 2 ^))\ 
= N\(H>, (m_! - m)p l92 ((A/&) * M 2 ) (i 2 )piP2*>| 

= AT|«*,(m-i-m)jn<? 2 (/£*(AM 2 )) (x 2 )pip 2 *))| . 
Since Hpipa^H < 1 one gets with Proposition 13.41 

< N\\(m^-m)q 2 y\\ \\ Pl (/& * (AM 2 )) (x 2 ) Pl \\ op 

< N\\(m^-m)q 2 n ||/£*(AM 2 )|| . 

In view of Lemma 12.11 (b) we have using symmetry of \I/ for the first factor 



|| (m_i — 77i)g 2 \E f || = || — m)n$|| 

k- 1 fc 



< sup 

0<k<N>~ 



y/k/N^j = (^N)- 1 / 2 .(14) 



N x N x 

Using Young's inequality we have for the second factor 

||/£*(AM 2 )|| < W/% ||AM 2 || < CN~^ \\A\^\\ . 
It follows that the first summand of (fT3")l is bounded by 

CW- A / 2 ||AM 2 || l^lloo^ 172 - 2 ' 3 • (15) 

Using Schwarz inequality, then Proposition 13.41 and equation (fl4|) the second 
summand of (flU)) is smaller than 

N\\(m^x - m)g 2 *|| ||Piu^(jci - x 2 ) P i\\ op 
< NUfh-x - m)32*|| ||<||i I^IIL < C(JV A J\0 _1/a IMI» . 
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Using this and lfH)j) we get (a). 

For (b) we use first that q\q2w(xi)p\P2 = for any function w. It follows 
with Lemma [2~T1 (d) that 

i^,qiq2hi^{m-fh 2 )piP2^} (16) 
= {N 2 ~ iV)((*, gig2 (m_ 2 - rn) 1 / 2 ^^! - x 2 )(m - m 2 ) 1/2 piP2^)) ■ 

Before we estimate this term note that the operator norm of qiq2Vpj( x i ~ x 2) 
restricted to the subspace of symmetric functions is much smaller than the 
operator norm on full L 2 (M. 3N — > C). This comes from the fact that ujv(^i — ^2) 
is only nonzero in a small area where X\ « x 2 . A non-symmetric wave function 
may be fully localized in that area, whereas for a symmetric wave function 
only a small part lies in that area. To get sufficiently good control of (flT))) we 
symmetrize (N — l)v^(xi — X2) replacing it by X)fc!=2 v n( x i ~ anc ^ S e * 

m = (N 2 -N)(y,q 1 q2(m_2-m) 1/2 vf f (x 1 -X2)(m~m2) 1/2 piP2y)) 

N 

= N{{V, {m_2 - m) 1/2 qiQjV?f(%i ~ Xj)PiPj(m - m 2 ) 1/2 ^)) 

N 

< NWim^-fhf^q^W H^fc-w&fci ~ x^pipjim - m 2 ) 1/2 y\\ ■ 

For the first factor we have since (m{k) — m{k — 2)) k/N < 2N~ 1 m(k) in view 
of Lemma 12.21 (c) that 

||(m_ 2 - m) 1/2 gi*|| 2 = ((*(m_ 2 - m)n 2 *)) < 2N^ 1 a N (^, <p) . 

The second factor is bounded by 

N 

^ (((m - m 2 ) 1/2l i',piPjV^(x 1 - x J )q j q k v l3 N (xi - x k )(fh - fh 2 ) 1/2 piPk^)) 

2<j<k<N 

N 

+ ^lkfc<(xi-a; fe )pip fc (m-m2) 1/2 *|| 2 • (17) 

k=2 

Using symmetry and Proposition 13.41 the first summand in (|17|) is bounded by 

N 2 ((fh - fh 2 ) 1/2 ^,piP2q3V^(xi - x 2 )v p N (x 1 - x 3 )p 1 q 2 p3(m - m 2 ) 1/2 *)) 

< iV 2 || yf \v N ( Xl -X2)\y/ \v N (xx - x 3 )\ Pl q 2 p 3 (fh - m 2 ) 1/2 # || 2 

< N 2 \\^\vP N (x 1 -X2)\pi\\ i op \\(m~rh2) 1/2 q2m 2 

< N 2 MU\v P N \\l\\{fh-fh 2 ) l/2 q2n 2 

< C\\<p\\ta N (*^) . 
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Using Proposition ^. 41 the second summand in (117[) can be controlled by 

JV(((m — ffi2 ) 1/2 *,pip 2 (w^(^i ~ x 2 )) 2 piP2(fn ~ m 2 ) 1/2 *)) 

< N\\ Pl {v l3 N {x 1 -x 2 )) 2 Pl \\ op \\{fh-m 2 ) 1/2 \\ 2 o P 

< NMl ||<|| 2 IKm-f^'X < CMlNN-^N-* . 
It follows that (b) is bounded by 

CMla^, <p) + CyUN-WWN-V* . 

Next we shall prove (c) . Using Lemma 12.11 (d) and Cauchy-Schwarz we get 
for the left hand side of (c) 

|((*, (m_i - m)n 1 qiqahi t 2n~ 1 piq2 i ^))\ 

< ||(m_i - m)nigig2*|| ||^i,2"~ViQ'2^ , || • 

For the first factor we have using Lemma |2~T1 (c) 
|| (m_i -m)ni 91.32* || < j^r lK^-i -™)nin 2 ^|| 



< sup 

0<fc<7V* 



N 



N - 1 

Viv A + 1 



k — 1 k 



(N- 1)VN 

For the second factor we have using Proposition 13.41 and Lemma 12.21 (c) 

||fti,2rrVi82*ll < ||/n,2Pi||qp H^V*!! 

< ll^lloc \\hi,2\\ < NMoo ((N- l)\\v N \\ + ||2a|^| 2 ||) . 

Since the scaling of v^ N is such that ||w^|| = ||i'||./V -1+3 / 2 ' 3 it follows that (c) is 
bounded by 



CN ,f\fL (N VN-WMMU + IMD 
(l\ — ljv 

and (c) follows. 



□ 
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